


Maxwell-Chern-Simons 

Electrodynamics

�Einduced

�Bexternal

θ �= 0
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Through quark loops, the electromagnetic sector is effectively

(Talks by B. Mueller & M. Stephanov) Axial anomalies incorporated here!



Maxwell-Chern-Simons 

Hydrodynamics
Let’s couple quarks to photons in the hydrodynamic picture

( ∂μΘμν = −F νλJλ−cF νλF̃λρ∂
ρθ )

Energy-momentum conservation
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∂μTμν = F νλJλ+cF νλF̃λρ∂
ρθ

Jμ = nuμ



Maxwell-Chern-Simons 

Hydrodynamics
Using the definitions Eμ ≡ Fμνuν , Bμ ≡ F̃μνuν

∂μTμν = nEν − cEλBλuνuρ∂
ρθ

uνcontract with contract withΔα
ν = δα

ν − uαuν

wDuα − Δα
ν ∂νP = nEα

Euler’s Equation

ε + P uμ∂μ

Entropy Equation

d(
ε + P

n
) = Td(

s

n
) +

1
n

dP

suμ

∂μsμ = − 1
T

cEλBλuρ∂
ρθ
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Entropy

Fact: Entropy can locally increase or decrease!

Though, the total entropy should be constant!

∂μsμ = − 1
T

cEλBλuρ∂
ρθ

Entropy Equation

L = Lquarks − 1
4
FμνFμν − AμJμ− c

4
θ(x, t)FμνF̃μν
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Maxwell’s Demon
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∂μsμ ≥ 0



Entropy Revisited
Ω = −P =

T

V
lnZ =

T

V
ln

[
exp
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−V

T
cθEλBλ

) ∫
[Dq][Dq̄][DAμ]exp

(∫ β

0

dτ

∫
d3xL′
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nuμ
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∂μ
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n

)
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n
∂μP+

1
n

cEλBλ∂μθ

)
= 0

∂μsμ = 0
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(
∂Ω
∂θ

)
T,μ

= −cEλBλModified Gibbs relation

d

(
ε + P

n

)
= Td

(σ

n

)
+

1
n

dP+
1
n

Rθdθ
(see Aguiar, Fraga & Kodama)



 A Simple Picture

Assumptions:
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�jem

θ �= 0

(Kharzeev & Zhitnitsky)

Dε + w∂μuμ = −cEλBλDθ

ε, P constant

θ(x, t) = τ(t)e−r2

�v = vxx̂

v̇x = 0
�v(0) = 0

Solution:

vx(x, y, z) = tanh
(

c2

2
B2

ε + P
θθ̇er2√

πErf[x]
)



Discussion

• Lowest Landau Levels?  For 4 trillion degrees, 

Quantum Hall Effect condition 

Chiral spirals? Charge separation based on Lowest Landau Levels?

Instead, maybe charge separation due to the induced electric field?

kBT ∼ 300MeV√
eB ∼ 60MeV

�ωc � kBT

• Entropy of the theory with theta-vacuum is conserved. Bloch waves?
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